graded along thickness direction obeying a simple power law distribution in terms of volume fraction of the constituents. The compression/traction free condition is employed to obtain the simplified model with seven parameters instead of nine parameters. The plate model has been discretized into C 0 eight noded quadratic elements with seven degrees of freedom per node.
The governing equation of the functionally graded plate has been derived using Hamilton's principle and is solved using direct iterative method. The present model is validated by comparing the obtained results with those published in the literature. The effects of volume fraction index, aspect ratio, thickness ratio, support conditions, elastic foundation modulus and temperature on the nonlinear frequencies of the functionally graded plates are discussed.
It has been found that the intermediate material property does not necessarily give intermediate nonlinear frequency.
Introduction
The functionally graded material (FGM), well known as the high-performance heat resistant material was proposed in 1984 by a group of material scientists of Sendai area in Japan. FGM is microscopically inhomogeneous composite material composed of ceramic (the high-temperature side with good thermal resistance) and metal (the low-temperature side with superior fracture toughness), in which the material properties vary along the thickness direction obeying simple power law distribution that depends on the volume fraction of the constituent materials. Flat FGM plate subjected to an external load, supported on the elastic foundation is a commonly used structure found in petrochemical, marine, aerospace, biomechanics as well as various mechanical, electrical, nuclear and civil engineering. These structures are likely to undergo large amplitude vibration and thereby their geometric nonlinear vibration analysis has gained considerable attention of the researchers since last few decades.
Akhavan et al. [1, 2] obtained the exact solution for the buckling load and frequencies of Mindlin plate supported on elastic foundation and subjected to uniform and linearly distributed in-plane loading. The analysis procedure includes the first order shear deformation theory for the plate-foundation interaction model. Baferani et al. [3] employed an analytical approach for vibration analysis of an FGM rectangular plate resting on Pasternak elastic foundation using Hamilton's principle for the Levy type boundary conditions. They considered the displacement field based on third order shear deformation theory. Bodaghi and Saidi [4] achieved an exact analytical solution for the buckling of FGM plate using classical plate theory and derived the governing equations based on exact neutral surface position.
3
Chein and Chen [5] studied the nonlinear vibration of the laminated plate resting on nonlinear
Winkler type elastic foundation. Galerkin method along with Runge-Kutta method was employed to calculate the frequency ratio of initially stressed laminated plate. Governing equations were derived using the variational principle. Duc et al. [6] calculated the numerical results for nonlinear thermal dynamic response and nonlinear vibration of thick FGM plates using third order shear deformation theory and stress function by Runge-kutta method.
Gajendar [7] employed a modified Galerkin method to derive a nonlinear differential equation in terms of elliptic function. Kiani et al. [8] presented a thermoelastic free vibration analysis of FGM doubly curved panel using analytical hybrid Laplace-Fourier transformation based on first-order shear deformation theory. Further, the analysis for FGM doubly curved panel resting on the Pasternak-type elastic foundation was carried out by Kiani et al. [9] .
Shen et al. [10] and Shen and Wang [11] presented a nonlinear vibration analysis of FGM doubly curved panel resting on the elastic foundation in a thermal environment based on higher order shear deformation theory and von Karman strain-displacement relationship, considering the micromechanics model like Voigt and Mori-Tanaka micromechanics model.
Shen et al. [12] presented the nonlinear vibration of FGM cylindrical plate containing piezoelectric layers resting on the elastic foundation in thermal environment based on higher order shear deformation theory. Huang et al. [13] 
Material Property of FGM
Consider an FGM plate with geometric dimensions of length a, width b and thickness h resting on two-parameter elastic foundation (both combination of uncoupled spring layer along with shear layer at its top) as shown in Fig. 1 .
According to power law distribution, the volume fraction of the ceramic constituent (top) can be written as
where, z is the thickness co-ordinate   ( ) 1
where, 0 P , 1 P  , 1 P , 2 P and 3 P are the coefficients of temperature T (in K) and are unique for the constituent materials. The temperature dependent material properties ( 
Nonlinear Temperature Rise
The temperature distribution along the thickness direction can be obtained by solving one dimensional steady-state heat transfer equation. The steady state heat conduction equation for the temperature through the thickness is given by
Further, Eq. (11) can be solved by imposing the boundary condition of
The variation of temperature for an FGM plate through the thickness is expressed as
The solution to the above equation as obtained using polynomial series is 
where,
and
The strain developed in the FGM plate is the sum of linear and nonlinear strains. The nonlinear strain presents the Green-Lagrange strain displacement relation, associated with moderately large displacements and rotations include all the field variables as shown in relations given below.
The above equation can be presented in the form of linear and nonlinear parts 
The individual strain terms are described in Appendix (A2). 0  0  0  0  0  1  1  1  1  1  2  2  2  2  2  3  3  3  3  3  1  2  6  5  4  1  2  6  5  4  1  2  6  5  4  1  2  6  5  4 , , , , , , , , , , , , , , , , , , ,
11

   
    0  0  0  0  0  1  1  1  1  1  2  2  2  2  1  2  6  5  4  1  2  6  5  4  1  2  6  5   2  3  3  3  3  3  4  4  4  4  4  5  5  4  1  2  6  5  4  1  2  6  5  4  1  2   5  5  5  6  6  6  5  4  1  2   and   ,  ,  , 
,,,
 are mid-plane linear and nonlinear strain terms. The superscript 0, 1 and nl0, nl1 denote membrane and bending terms, 2-3 and nl2-nl6 represent higher order terms, respectively.
Thermo-Elastic Constitutive Relations
The constitutive equation for the FGM plate subjected to thermal load is presented as
where,   
where, 
and T  is the temperature change for a stress free state, ( , ) E z T is the modulus and ( , ) zT  is the coefficient of thermal expansion.
FEM Model
For the present analysis, the model is discretized using an eight noded isoparametric quadratic element with seven degrees of freedom associated with each node for the finite element modelling. 
where, 0 0 0 , , , , , ,  are the natural coordinates.
The Energy Equations
Strain Energy
The strain energy of the plate can be expressed as
The vectors of the strain component are: 
The
Eq. (26) can be further modified as , , and P P P P are the modified reduced elastic stiffness matrices expressed as
The total strain energy () total U can be expressed as
The elastic strain energy of the FGM plate   
Work done due to thermal load
Due to non-uniform temperature rise along the temperature dependent material properties, it tends to undergo geometric distortion due to thermal load. Due to change in geometry, thermal stress is developed that has a significant effect on the vibration characteristics. To calculate the solution based on the current transformed state of the structure, second-PiolaKirchhoff stress has been considered in the direct iterative method of Green Lagrange type nonlinearity. Therefore, it requires the calculation of geometric matrix due to the deformed geometry of the structure caused by thermal stress.
The stress developed due to the thermal effect can be presented as: 
The Governing Equation
The governing equations are obtained using Hamilton's principle
By substituting Eqs. (30), (31), (32) and (35) in Eq. (37), the final form of governing equation for nonlinear vibration can be presented as
The global stiffness matrix is composed of linear stiffness matrix 
In terms of Eigenvalue and Eigen vector form, Eq. (38) can be written as
where,  and  are natural frequency and its corresponding eigen vector.
Methodology
Equation (41) can be solved using the direct iteration method and the step wise procedure is stated below.
Step1. The elemental stiffness and mass matrices have been evaluated using the general finite element procedures.
Step2. The global stiffness and mass matrix are calculated by assembling the elemental matrices.
Step3. Solve for linear eigenvalue using the global stiffness and mass matrix
([ ] [ ]){ } {0}
KM 

Extract the linear eigenvalue and its corresponding eigenvector using a standard extraction algorithm.
Step4. Scale up amplitude ratio (W max /h) by the desired value, the ratio of maximum deflection of the plate W max to the thickness of the plate h and normalise the mode shape vector.
Step5. The nonlinear stiffness matrices    
and
NL NL KK are obtained using the scaled up eigenvector (mode shape) by numerical integration technique.
Step6. Solve the nonlinear eigenvalue equation till the relative convergence criteria is 0.1%. 
Validation
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In order to validate the present method, the numerical results of Si 3 N 4 /SUS304 FGM plate are compared with the published results of the given literature. Table 1 Table 2 shows the comparison of the non-dimensional natural frequency of simply supported square isotropic plate (n=0) with values given by Baferani et al. [3] . A very good agreement can be observed for all boundary conditions. Table 3 presents the comparison of nonlinear frequency ratio of simply supported FGM plate with the values given in Sundararajan et al. [21] . The volume fraction of the FGM plate (n =1) with side-thickness ratio a/h =10. The comparison shows a very good agreement. Hence, the present formulation can be trusted.
Results and discussion
A square Si 3 N 4 /SUS304 FGM plate composed of silicon nitride (ceramic) and steel (metal) supported on the elastic foundation has been considered for the parametric study. The side of the plate is 1m and thickness is 0.05m. The Poisson's ratio is assumed to be 0.28. The two parameter (Pasternak) elastic foundation has been considered. The material properties of ceramic and metal are shown in Table 4 . The poisson's ratio is taken as  =0.28.
Non-dimensional frequency ( )  as given in Dehghan and Baradaran [14] is clamped has higher linear and nonlinear frequency parameter followed by SCSC and SSSS.
The frequency increases with increase in the number of clamped sides.
Conclusion
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